Abstract We show that Geroch decomposition leads us to Maxwell-like representation of gravity in (3 + 1) metrics decomposition that may be perceived as Lorentz invariant version of GEM. For such decomposition we derive four-potential V µ and gravitational field tensor F µν that is associated with gravitational interaction. Next we show that gravitational four-current J µ derived for introduced four-potential produce energystress tensor and reproduce main General Relativity formula. Next we introduce valid Lagrangian and equations of motion that explains obtained results. At the end we introduce new approach to quantization of gravity that results in proper quantum values and is open to further generalization.
Introduction
Classical theories of gravity can be sorted according to their degree of generality and completeness of the approach: since Newton gravity, through Newton-Cartan geometric approach up to General Relativity. Attempts to quantize gravity are taken over last 90 years for all existing descriptions of gravity and has not yet reached a satisfactory outcome. [1] [2] .
In the article, we propose a new, Lorentz invariant GEM-like approach to the description of gravity, which · Leon Kozminski Academy, ul. Jagiellonska 57, 03-301 Warsaw, Poland E-mail: piotrogonowski.pl@gmail.com · WFAiS Jagiellonian University, ul. Reymonta 4, 30-059 Krakow, Poland E-mail: piotr.skindzier@uj.edu.pl should be understood as an intermediate link between Newton-Cartan description and the General Relativity. The main reason to introduce this approach is that in this framework we may propose a method for efficient quantization of the gravity.
Our approach is derived from special case of General Relativity (Schwarzschild case) and shows, that in this case curved spacetime is physically equivalent to flat manifold minimally coupled to the scalar field. We also show, that in introduced framework we may generalize main GR equation for the field associated with gravitation.
We will call introduced approach "Dilation as Field" (DaF) because of its specificity -derived here scalar field is equal to the inversed gravitational time dilation factor.
Of course, there are known scalar theories of gravity on flat spacetime [3] [4] [5] and in most of these approaches authors try to extend gravity to the Planck limit. For these efforts the main problem appears to be generalization and effective quantization of these theories [6] [7] . In DaF we propose first to decompose General Relativity to (3+1) manifold, next generalize it in Maxwell-like picture and next consider obtained field in the Planck limits making quantization in classical and covariant way.
The paper is organized as follows.
In first part we show, that Geroch decomposition for Schwarzschild case leads us to Maxwell-like representation of gravity in (3+1) metrics decomposition. In this decomposition we show, that gravitational action of a static spacetime is equivalent to the action of a 3-dimensional spacelike manifold minimally coupled to a scalar field Φ. We also show, that gravity in such description may be perceived as the medium that changes the speed of light for chosen reference frame.
Next we propose description of that case with Maxwelllike equations on flat spacetime. In this perspective:
-gravity is described by effective scalar field Φ equal to gravitational time dilation factor Φ = 1/γ r -curved spacetime is physically equivalent to the flat spacetime with refracting index for light speed equal to γ r
We also generalize obtained results and derive gravitational four-potential, four-current and field tensor. Then we show, that we can build energy-stress tensor thanks to introduced four-current for gravity and then we generalize main General Relativity formula for introduced field.
In third part of the article we show how we may quantize the field Φ to obtain proper rest mass and photon energy. We also show, that parametrized Φ might serve us to describe classical electromagnetic field. We show that in infinity limit we are able to reconstruct electromagnetic equations in classic and covariant form and derive Coulomb-like potential for elementary charges.
We hope that this new approach to description gravity may bring important implications for our understanding of spacetime in zero limit, may shed new light on quantum gravity theories and opens new areas for research and generalizations.
Geroch decomposition

Introducing Killing vector fields
We will use Einstein summation convention: commas denote partial derivatives and semicolons denote covariant derivative. We choose metric signature (+, −, −, −).
On a spacetime, a Killing vector field [8] generates an isometry of spacetime. If we have a coordinate chart in which the metric coefficients are independent of a coordinate, then the vector field of that coordinate is automatically a Killing field.
To introduce Killing fields we need to choose metric for which we can find at last one vector ξ µ . For the simplicity let us introduce Schwarzschild spacetime:
We see that the metric coefficient 1 − rs r is time t and ϕ independent, so that ∂ t and ∂ ϕ are Killing fields.
The metric and its interpretation
Now, let us apply Geroch decomposition [9] for chosen spacetime to obtain requested metric description. To provide ease of interpretation we do not use ADM formalism [10] , however it might be useful for future generalizations.
For asymptotically flat spacetime with a timelike Killing vector field ξ with norm-squared
and twist
using the tensor
the spacetime metric takes the form:
Schwarzschild spacetime in the Schwarzschild coordinate chart ξ = ∂ t gives:
and the twist vanishes. We may then rewrite metric to form of:
or easier:
We have constructed a timelike Killing field what means that we have a stationary spacetime. If we normalize the four-velocity properly:
we see, that
is the inverse-norm of timelike Killing field.
The four-acceleration of the Killing observers given by a covariant derivative in the static case simplifies to just:
Everything but the r-component vanishes, and we can put it into corresponding orthonormal basis rather then coordinate vector:
wich yealds to:
showing the correct gravitational acceleration: the proper acceleration of the Killing observers is g into the outwardly radial direction.
Of course this is only conceptual interpretation of our (3+1) decomposition of Schwarzschild metric. In this moment we have to stress that depending on coordinate system we can get different interpretation of gravity in pseudo classical picture.
However, above interpretation -the metric and the acceleration formula -are important pieces of information that will be requested in the section 3.
Action of the scalar field
Let us show, that for chosen metric decomposition we may consider gravity through the scalar field. For convention let us introduce:
Taking t=0 hypersurface, the symmetry of the spacetime under time inversion means that the extrinsic curvature is zero, in which case the Gauss-Codazzi equations simplify to:
where the superscript h denotes that the quantity belongs to spatial hyperslice and should be calculated using the spatial metric h alone.
Contracting all the way down to the Ricci scalar:
The first term in the bracket is a Laplacian 2U = log λ
and the metric determinant is
so in terms of the metric:
the representation of the Einstein-Hilbert action is
We have obtained proper result. In this picture the gravitational action of a static spacetime is equivalent to the action of a 3-dimensional spacelike manifold minimally coupled to a scalar field Φ = 1/γ r .
We will use above conclusion to introduce Maxwelllike equations for gravity on flat spacetime with Φ as scalar field in the section 3.
Maxwell-like equations considered locally
Finally, we will show, that in chosen decomposition we may consider locally Maxwell-like equations, referring to the local time of stationary observer (Killing observer). We may introduce Maxwell-like equations in (3+1) form:
In more classical way:
For better understanding let us write:
then Maxwell-like equations can be rewritten as:
where:
Schwarzschild metric is static and components of it are time independent so we can rewrite Maxwell-like equations as:
Above equations acts like Maxwell equations, where the speed of wave propagation is
It is simple in this moment to show that
We may also generate Maxwell-like equations considering properties of the Killing fields. As we know Killing vector X b by definition satisfies:
Thus for introduced Killing field we have:
Therefore:
so the timelike Killing field is intimately connected to spacetime curvature. Defining a convenient F and using the defining property of Killing fields
we obtain
This looks like the standard electromagnetic field tensor F ;β αβ = A β;α − A α;β (50) In vacuum, the Ricci tensor vanishes, and the Killing field ξ seems to act like the electromagnetic four-potential A, that acts for electromagnetism in source-free regions, in the Lorentz gauge A α ;α = 0 (51) which automatically satisfies all Maxwell's equations. Physical meaning of the tensor F should be explained as propagating spacetime anisometry.
Above Maxwell-like equations are known. In next sections we will show, there is a way to consider gravity through these equations.
Conclusions
We have just shown that in the Geroch decomposition for Schwarzschild metric we may obtain Maxwell-like picture of gravity that might let us to consider gravity as medium that changes the speed of light. Of course, in local coordinate system speed of light is still constant and equal to c however in Geroch picture we clearly see equivalence between curved spacetime and flat spacetime with refracting index for light equal to γ r .
This consideration leads us to the conclusion that after Geroch decomposition we can reconsider gravity not only as a spacetime curvature but also as some field Φ = √ h = 1/γ r . Of course, this picture of gravity we can only get in (3+1) Geroch decomposition and equation of motion of this field is dependent on what coordinate system we choose.
We have to be aware of this property of the gravity. If we try to interpret gravity as field we first need to decide what is the metric and in what coordinate system we consider this metric. In naive picture we can say that:
-metric choose is equivalent to choose of field (conservation laws), -choose of coordinate system is equivalent to choose of equation of motion (dynamic equations).
3 Maxwell-like representation of gravity (DaF)
Gravity as wave equation in Minkowski spacetime
Let us suppose, that we would like to get Maxwell-like field tensor F µν for gravity expressed with some fourpotential V µ as
Of course, we could take the approach presented in GEM [12] , [13] or other related approaches [14] , [15] , [16] , [17] . However, we have shown in section 2.3 that scalar field Φ = 1/γ r may serve us to describe gravity on flat manifold. Therefore we will start with such scalar field and following [18] we will consider some Maxwelllike equations on flat manifold. It is known, that Special Relativity was invented as consequence of Maxwell rights analysis. Considering Linard Wiechert potential we may also find, that Maxwell equations are already relativistic. Therefore we will start with classical Maxwell-like definitions for gravity on flat manifold.
At first let us define scalar potential:
-t is coordinate time of the distant observer in infinity -τ is proper time of the local, stationary observer
Then we introduce vector field G as:
After simple calculations we see, that its value (with respect to c=1 factor) appears equal to gravitational acceleration introduced in formula (14).
Now we need to introduce some four-potential V µ expressed with scalar Φ and some vector field V as
Therefore we should be able to express introduced vector field G responsible for gravitational acceleration in form of:
and -by analogy to electromagnetism -we should be able to express V by some new field Ω as:
To obtain requested result we will define following vector fields (whereê are directional versors):
This way we have obtained:
As it is easy to check we obtain requested relations:
After simple transformations we derive d'Alembertian:
or with the same meaning:
We have obtained wave with the same property as in (40) formula. Above d'Alembertian, with respect to some factor, should be also able to work as electromagnetic wave description.
We know, that electromagnetic wave caries energy. In above description we see the wave that caries energy in terms of General Relativity (3+1) decomposition -it affects the metric the way we should expect. In section 4 we will show how we might associate above wave with the light wave. Now, we may consider field tensor for Maxwell-like gravity. Introduced vector fields yields to field tensor for gravity equal to:
Above tensor should serve us gravitational field description at least for Schwarzschild case.
By analogy to four-current in electromagnetism we may also introduce four-vector:
After simple calculations we may express introduced four-current as:
where U µ (r) is the four-vector resembling four-velocity:
and ρ would be the density of some gravitational pseudo "charge"
In the energy-stress tensor in GR we consider energy density. Let us then check relation between above "gravitational charge density" ρ and the energy density ρ m .
For given Schwarzschild radius it should be proportional up to some κ constant:
We calculate, that:
since
We recognize in above constant κ half of Einstein's constant 8πG/c 4 . Therefore, physical interpretation of introduced gravitational four-current J µ might help us to simplify Einstein's stress-energy tensor.
Let us introduce the gravitational current tensor in the form of:
where U ν is the four-velocity of the source of gravity.
We see, that J µν is proportional, up to parameter κ, to the Stress-Energy Tensor introduced in General Relativity:
Therefore J µν is also proportional to the Einstein curvature tensor G µν
The equation says, that spacetime curvature depends on the distribution of the introduced four-current for gravitational field. This way we have created General Relativity main equation equivalence as wave-based formulation that might help us with explaining the wave nature of mater.
We also see here, that starting with four-potential on flat manifold, we may easy switch to the description for curved spacetime. This possibility comes from our findings in section 2.3, that flat manifold minimally coupled to the introduced scalar field may be perceived as curved spacetime.
However, we may still come back to the flat spacetime picture and consider Lagrangian and equations of motion, looking for more general formula than GR, referring directly to the gravitational field tensor.
Lagrangian, Hamiltonian and equations of motion
At first let us derive Lagrangian and Hamiltonian for the action related to the scalar field Φ = 1/γ r on flat manifold.
Joining together conclusions (14) and (54) 
Let us see, that it looks like the standard Euler-Lagrange condition where we have reduced the mass. Taking E 0 = mc 2 let us define:
then, let us define radial move in form of:
Considering only radial move we obtain Hamiltonian in form of:
what -as expected -represents the amount of energy, that stationary Killing observer have to have to keep his position against gravity.
As we may see here, gravitational potential in our approach is equivalent to the move against gravitational force. We have already seen this move for Killing observer in (14) . Further generalization of the Lagrangian to the metrics other than Schwarzschild would need adding other than radial degrees of freedom.
Now, let us consider Lagrangian and Hamiltonian for test body.
For test body with rest energy E 0 moving in flat 3 dimentional space we would have Lagrangian in form of:
and Hamiltonian in form of:
-s is proper time of the test body -τ is the proper time of stationary observer -γ = dτ ds
Thanks to superposition principle we may introduce Lagrangian for the test body in gravitational potential in form of:
To comply with the Newton approximation we will note Hamiltonian in form of:
where
The Newton's limit of gravitational potential we obtain by Maclaurin's expansion:
As we may easy calculate, introduced Lagrangian locally satisfies Euler-Lagrange condition.
It is worth to notice, that we would obtain the same results for the test body by adding some additional (e.g. time-like) coordinate x 0 = r. By defining zerodimension radial velocityẋ 0 = v r (representing fight against gravity) and considering Lagrangian and Hamiltonian for (µ = 0, 1, 2, 3) we obtain the same, valid results.
We suppose, that this remark might shed new light on time-like zero-dimension parameter that we consider in four-vectors. Now, we will derive more general equations of motion and introduce more general formula related to the gravitational field tensor.
From (78) we have (assuming c=1).
For L and H that do not depend on time we may rewrite it as a four-vector:
What we may multiply by γ to obtain:
Thanks to (56) in the Lorentz gauge it is just:
In above generalized equations of motion we also see, that the source of gravity is -just the move.
We could build more general acceleration tensor, that would measure acceleration also with respect to the spatial coordinates. Such tensor the same time represents the field in space:
This way, we have obtained first element of the gravitational field tensor (52) where the second element is the acceleration tensor for the observers. If we consider it for a moment -it is exactly what we know from GR findings.
As it is easy to check, we may express Einstain curvature tensor by above gravitational field tensor as:
Conclusions
We have just seen, there exists Maxwell-like description of gravity. In this picture curved spacetime is physically equivalent to flat manifold coupled to the scalar field what affects light tracks making it curved. We have seen, there exist valid Lagrangian and Hamiltonian formulation for considered picture. We have also derived equations of motion and obtained very interesting generalization.
We should also point out, that thanks to antisymmetry of the introduced gravitational tensor we may also consider "repulsion of light tracks". As it is easy to check it results with spacetime expansion effect what could open new area for research for Derk Energy phenomena explanation.
We have also seen, that in presented DaF framework, gravitational tensor is explained as the consequence of the move. As we see from (93) any four-velocity U µ = (γ, γv) the same time is the source of gravitational four-potential
Now we should care about quantum picture of the introduced field. Therefore in next section we will check, if the field produce valid quantum values.
Quantum picture of the field
As it was shown, the interpretation of our problem will depend not only on metric we choose but also on coordinate system. This remark is our first condition if we would like to quantize classical field that we present in section 3.
Up to now it is also not obvious how to choose Hamiltonian in a way that will give us equation of motion for operators and produce valid quantum values. We must also check if we can use Copenhagen interpretation of wave function.
We will test three approaches to test quantum picture of DaF framework and examine our results: 1) In first approach we will check the Planck limits of introduced in (87) potential V(r) 2) In second approach we will write Hamiltonian in covariant way and choose condition for metric that will give us confidence that our equations of motion are well defined
Planck limit of the potential V(r)
It is worth to show, that calculating Planck limits of the introduced potential V(r) we obtain (after approximation with Maclaurin's expansion) valid classical approximation of requested quantum values.
Rest mass as the field quantum value
Assuming r s << l P lim
We have obtained the value that may be treated as some rest energy (some rest mass M) related to given Schwarzschild radius. Therefore potential energy in gravitational field we may consider as the Planck limit of the field in presence of the field:
Free photon energy
Considering rotating vector fields as in (60) we might suppose that for rotation with "c" speed on radius "r" with "T" period we have:
Let us calculate Planck limits for such situation:
where we have from (99) that ω = c/r = 2π/T
As we see, considering twisted pair of above we obtain valid approximation for photon energy. We should notice, that above hypothetical photon energy formula may be tested for pulsations close to Planck pulsation ω P = 1/t P treating Planck pulsation ω P as the limit.
Considering in quantum mechanics a photon described by the commonly used energy formula ω we obtain known problems at Planck length scales that have vital meaning for quantum cosmology and for attempts to grand unification [19] .
Just introduced formula based on (101) does not crash at Planck time scales, because ω acts only as approximation for small energies. We will also confirm above findings in the next sections.
Coulomb potential energy and fine structure constant approximation
In [20] authors consider additional axis proposed in Kaluza-Klein theory as time-like imaginary axis, and they obtain valid electromagnetic field description. Let us follow conclusion from section 3.1 and consider this imaginary axis as Euler helix based, mathematical interpretation of the rotation introduced in (60)
As we know from (97) Planck limit of the V(r) for r → l P has produced the rest mass. From (99) we know, that we may consider cT = 2πr Now, we will show, that for r s → l P ; r → 2πl P (= cT ) we obtain valid elementary charge and Coulomb potential approximation. By analogy to (98) below we consider Planck limit of the field in presence of the field:
where α was put in place of obtained fine structure constant value approximation. This way we have obtained Coulomb potential energy expressed with natural units for two elementary charges. This shows that we may get in natural way fine structure constant approximation if we introduce interaction between two particles and consider it in first order approximation.
Lorentz force transformation
Thanks to (104) we may assign to elementary charge, some value in energy units:
Thanks to above property we could rewrite electromagnetic field tensor and transform Lorentz force.
For the body with rest energy "m" and elementary charge "q" (expressed with energy units thanks to introduced field definitions) we might rewrite Lorentz force (assuming c=1) in the form of:
where we used (E) to denote rewritten Electromagnetic field tensor. Above we may shorten as:
where k is some constant equal to k = m/q. Now, thanks to (93) we may express acceleration by Gravitational potential denoted with index (G):
Since k is constant, it just increases the value of the potential, and we may rewrite formula for increased potential as:
We see here, that the move in electromagnetic field is the source of changes in the gravitational potential. By guess we may postulate twin equation:
where V µ (E) is for electromagnetic four-potential.
Above equation says, that changes of electromagnetic field potential (e.g. traveling light waves) determine the changes in the distribution of the energy. Since photons carries energy -we may expect it is truth. However this equation needs experimental confirmation.
Covariant quantization
The last thing we would like to know is, if in our picture of the fields we may obtain Hamiltonian from which we could get quantum equations that will be easily interpreted by use of the Copenhagen [21] interpretation of wave function. This remark leads us to last approach to quantization.
In this approach we have to notice that natural interpretation of wave function is easy for Cartesian and Minkowski metrics. For both of this spaces we have well defined time and space variable which are separated and do not have singularities which are artifacts of coordinate system. For that metrics wave function is well defined.
If we try to introduce quantization for other metric we start with problem of good definition of proper time, separation between space and time variables and singularities. When we try to quantize metric of the form of equation (1) we have good definition of time, separation between space and time variables, but as we easily can see we have singularity for r = r s which is not the source of the field. This problem is well known from at least 100 years and was solved by Eddington in 1924 [22] . He had proposed transformation to the isotropic coordinate using:
and metric takes the form:
As it can be shown, from this coordinate metric we have only one singularity in r = 0 which is physical and is source of the field. Now, we would like to have some generic method to quantize metrics that have easy physical interpretation.
Ansatz 1
We can quantize gravity if the metric fulfill all the properties:
-time have proper local interpretation -g ij = 0 for all i = j, where i, j = 0, .., 3 -singularities are only point source of the field For that choose of the metric we can take Hamiltonian in covaraint form [23] 
and quantize it to the form of
We choose to take representation of four-momentum in form of:
This leads us to the commutation rule:
For that we can define equation of the form:
That equation by definition we can rewrite to more simple form: Dp
and simplifying we get:
Which we can write in quantum form as:
This give us:
For our metric we get two equations:
which we rewrite in the form of:
Here we see that Γ 0 10 g 00 = −Γ 1 00 g 11 and if we add this two equations we get:
This is the plain wave equation. In this picture gravity can be seen as free wave function of particle with no mass.
In our opinion only external field or interaction between two massive particle can create in this picture effective mass of particle that have gravity mass in classical picture.
This should not surprise us. We consider our field locally and start quantize it in local neighborhood around singularity. In this case mass that we consider is in fact 0. In our definition of metric proper choose of mass is Komar Mass [24] which for vacuum solution of Einstein equation is always zero if we integrate on volume different than infinity.
This remark in natural way leads us to interpretation that our quantization is proper for this choose of metric. Our solution for quantum equation should be plain wave function with no mass for local frame.
Conclusions and open issues
In this article we try to shed new light on our understanding of gravity. We have shown that gravity can be seen as classical Maxwell-like field that propagates in the vacuum as wave. We have also shown, that we can reassemble General Relativity main formula for introduced gravitational field what opens possibility to investigate the wave nature of matter in General Relativity.
We have shown, that considering Planck limits for introduced potential, we obtain valid quantum values of rest mass, photon energy, Coulomb potential energy and fine structure constant approximation. We have also pointed the relation between introduced gravitational field tensor and quantum wave function.
We have started our framework with the Schwarzschild metric as the special case of GR, that at first sight seems the worst starting point for generalization. However, it is well known, that quantum mechanics works only for chosen spacetimes -not for general case.
From 3.1 we know, how to build the tensor for dislocating point source of gravitational field. As it was shown in the last section of the article, we may also transform Schwarzschild metric to the isotropic coordinates. With such "point sources of gravitational field" we are able to build energy-stress tensor for "the dust" build of set of moving Schwarzschild sources. This way we can reconstruct any gravitational system and create energy-stress tensor the same way that it was done in the original Einstein's reasoning.
Of course, it is extremely complicated for big gravitational systems. It would be much easier to benefit from coincidence, that:
lim r→l P V (r) ≈ m P r s 2l P and call it "the rest mass".
Thanks to above, we could consider mass density instead the field. And it is exactly what we see in General Relativity from DaF framework perspective.
In DaF picture of gravity, Einstein went too far. GR uses idea of the "mass", where indeed there is no mass at all, but only gravitational field. For Planck scales we can not consider the mass anymore, so GR fails on the Planck scales.
In the introduction we proposed to place DaF framework between Newton-Cartan aproach and GR. This way we make one step back, to be able to make few steps forward. We left GR as good approximation for big masses and big scales, but for Quantum Gravity (QG) we have to turn right at the "DaF" signpost to keep "the field" and "wave nature of matter".
Above leads us to conclusion, that we may try to quantize gravitational field and introduce effective theory of quantum gravity. We may also conclude, that it is natural to consider gravity in (3+1) manifold. This choose gives us also opportunity to reintroduce time in quantum mechanics as regular dimension.
In covariant quantization we have shown that in local frame we see only massless particles traveling with speed of light. This picture will change if we introduce interaction with other particles for example other photon. It requires further investigation but we can propose test of our model for high frequency resonator where we can test interactions between photons that wave functions have Planck scales and interact between each other. It would need designing the experiment, but it seems that we could also benefit from the research presented in [25] , [26] and [27] .
